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We formulate the general approach based on the Lindblad equation to calculate the full counting
statistics of work and heat produced by driven quantum systems weakly coupled with a Markovian
thermal bath. The approach can be applied to a wide class of dissipative quantum systems driven
by an arbitrary force protocol. We show the validity of general fluctuation relations and consider
several generic examples. The possibilities of using calorimetric measurements to test the presence
of coherence and entanglement in the open quantum systems are discussed.
PACS numbers:
I. INTRODUCTION
The progress in experimental techniques provides a
possibility to study dissipative dynamics of mesoscopic
and even quantum systems where fluctuations play a sig-
nificant role[1–3]. Unlike for classical systems, the statis-
tics of work is still not well established in the quantum
regime. Much attention has been focused on derivations
of the quantum versions of fluctuation relations for open
quantum systems [4–10]. In particular the fluctuation
theorem was derived for an arbitrary open quantum sys-
tem in Ref.[5]. Despite being a powerful tool, such fluc-
tuation theorems do not provide the detailed information
about the statistics of quantum fluctuations which can be
of great importance in driven quantum systems. Indeed
in quantum optics the sub-Poissonian statistics of photon
counts indicates the non-classical states of electromag-
netic field [11]. Observed first in the atomic resonance
fluorescence they have been seen later in many setups in-
cluding quantum dots, quantum wells and quantum point
contacts[12].
Of particular interest is the recent experimental
achievement to realize an electrical circuit model of reso-
nance fluorescence in a single artificial atom[13]. In this
setup the atom was represented by a superconducting
qubit coupled to a transmission line which can be consid-
ered as an effective thermal bath for the open quantum
system[14]. In high contrast to the optical devices the
electrical circuit can have the temperature compared to
the qubit interlevel spacing[15] so that the work statistics
can be strongly modified by thermal fluctuations.
Recently the statistics of finite temperature work fluc-
tuations in a driven single qubit has been treated with
the help of a quantum jump method [16]. In this paper
we formulate an alternative approach based on the gen-
eralized master equation (GME) which can be applied
to a wide class of open quantum systems weakly coupled
to the thermal bath. The applicability of the suggested
scheme relies on a quite general assumption that the ther-
mal bath is characterized by Markovian dynamics. In this
case the open quantum system can be described by the
reduced density matrix (DM) which satisfies the Lind-
blad equation which is a GME with the Lindblad form
of the dissipative operator [17]. We derive the generat-
ing functions which determine the full counting statis-
tics of the work and heat exchange between the quan-
tum system, thermal bath and the classical source which
implements an arbitrary drive protocol. Previously the
full counting statistics of charge and heat transfer has
been extensively investigated in non-equilibrium meso-
scopic systems[6, 18, 19]. The present work is dedicated
to develop an effective general approach to calculate the
fluctuations of work done by the external classical source
and the heat exchanged between the quantum system and
environment. We demonstrate the difference between the
work and heat statistics which becomes especially impor-
tant for the small exchanged amounts of energy. Several
generic examples are considered.
The structure of the paper is as follows. In Sec. II we
develop the general formalism of Lindblad equation to
calculate the full counting statistics of work and heat in
driven quantum systems. In this section we demonstrate
that the approximations made in order to trace out the
environment variables keep the validity of general fluctu-
ation relations for the quantum work. In Sec.III the heat
and work statistics in a single qubit at the finite tem-
perature regime are considered. In Sec. IV we discuss
an analytical approach to calculate the long-time statis-
tics of heat in the zero temperature limit. We apply this
approach to several generic quantum systems such as a
harmonic oscillator, a single qubit and two coupled qubits
interacting with separate environments. Conclusions are
given in Sec. V.
2FIG. 1: (Color online) Quantum system driven by an exter-
nal force performing the work w. The system interacts with
an environment (right) which is at equilibrium with inverse
temperature β. The interaction (middle) is described by an
emission and an absorption of energy from the environment.
The part of the work transferred to the environment and even-
tually converted to heat is Q.
II. FORMALISM AND GENERAL
FLUCTUATION RELATIONS
We consider a system+environment model in which
the system is driven and it dissipates energy into an en-
vironment as shown schematically in Fig. 1: Hˆ(t) =
HˆS(t) + HˆSE + HˆE , where [HˆS(t), HˆE ] = 0. We make a
weak coupling approximation and neglect the contribu-
tion of the interaction energy HˆSE to the work done by
the system. In this case the work w done by the exter-
nal force is defined according to the two-point projective
measurement [19, 20] of the energy HˆS + HˆE . The full
counting statistics of w is determined by the generating
function
Gw(u, t) = Tre
iuHˆS(t)ρˆ(t, u), (1)
which depends on the counting field u and measurement
time t. The DM ρˆ(t, u) is determined by the modified
evolution operator
ρˆ(t, u) ≡ Uˆu/2(t, 0)ρˆ(t = 0, u)Uˆ †−u/2(t, 0) (2)
Uˆu(t, 0) ≡ eiuHˆE Uˆ(t, 0)e−iuHˆE
and the initial condition ρˆ(t = 0, u) = e−iuHˆS(0)ρˆ0, where
ρˆ0 is the DM of the system at the moment t = 0 when
we start to count the work. By writing (2) we assume
that in the initial state the DM is diagonal in the basis
of environment eigenstates [HˆE , ρˆ0] = 0.
The work w should be distinguished from the heat
transferred to the thermal bath, Q, that has a statistics
given by the generating function [4, 6]
GQ(u, t) = Tr ρˆ(t, u). (3)
The DM dynamics is also given by Eqs. (2) but with a
different initial state ρˆ(t = 0, u) = ρˆ0. In general, the
work and heat statistics can be drastically different.
Let us take a simple form of the interaction term[21]
HˆSE = Sˆ
†Rˆ + c.c. and use the standard Born-Markov
approximation assuming that the dynamics of the envi-
ronment variable Rˆ is much faster than that of the sys-
tem variable Sˆ. In this case it is possible to trace out the
Rˆ variables to obtain the reduced DM of the quantum
system ˆ˜ρ = TrRρˆ, which now determines the work gener-
ating functions (1,3). Below we omit the tilde implying
that DM is a reduced one. The reduced DM satisfies a
Lindblad equation which depends on the system variables
only [6]
˙ˆρ = Aˇu[ρˆ], (4)
where Aˇu[ρˆ] = −i[HˆS , ρˆ]+ Lˇu[ρˆ] is a Liouvillian superop-
erator and Lˇu[ρˆ] is a time-independent Lindblad dissipa-
tive superoperator which describes the interaction of the
system with an environment[22]
Lˇu[ρˆ] =
∑
j
Γ−e
iuνj Sˆj ρˆSˆ
†
j + Γ+e
−iuνj Sˆ†j ρˆSˆj − (5)
Γ−{Sˆ†j Sˆj , ρˆ} − Γ+{SˆjSˆ†j , ρˆ}.
Here Sˆj(Sˆ
†
j ) are lowering (rising) operators corresponding
to the interlevel spacing νj , {, } is an anti-commutator,
and emission and absorption rates satisfy the detailed
balance condition Γ+ = e
−βνjΓ−. By writing (5) we as-
sume that the driving term is small enough to neglect the
perturbation of level spacings νj . In the opposite case the
suggested approach can be modified to express the dis-
sipative operator in the Floquet state representation[23].
Such approach allows describing Landau-Zehner pro-
cesses in the dissipative systems[24] but this issue is be-
yond the scope of the present paper.
The general fluctuation relations can be obtained di-
rectly from Eqs. (1,4,5). Let us consider a detailed
Crooks fluctuation relation[10]
P (w)/P tr(−w) = eβw, (6)
which relates the probabilities of work w and −w done
during forward and time-reversed driving protocols. The
work distribution in time-reversed process is determined
by the generating function introduced analogously to Eq.
(1)
Gtrw (u, t) = Tr e
iuHˆS(0)ρˆtr(t, u). (7)
Indeed, the evolution of DM ρˆtr(t1, u) when t1 runs
from t to 0 is determined by Eqs. (4,5) where Aˇtru [ρˆ] =
i[HˆS , ρˆ] + Lˇu[ρˆ]. The initial condition is ρˆ
tr(t1 = t, u) =
e−iuHˆS(t)ρˆ0(t). The Lindblad superoperator in Eq. (4)
is the same for the forward and time-reversed protocols.
To satisfy (6) it is enough to demonstrate the generic
symmetry relation
Gw(u, t) = G
tr
w (iβ − u, t) (8)
which holds provided that HˆS(0) = HˆS(t) and the
initial state for both the forward and time-reversed
3protocols is the equilibrium one ρˆ0(t) = ρˆ0(0) =
e−βHˆS(0)/Tre−βHˆS(0). The relation (8) follows directly
from Eq. (5) since due to the detailed balance and per-
mutation invariance of the trace the Lindblad superop-
erator (5) satisfies
Tr ρˆ1Lˇiβ−u[ρˆ2] = Tr Lˇu[ρˆ1]ρˆ2. (9)
Taking into account that Tr ρˆ1[HS , ρ2] = −Tr [HS , ρ1]ρˆ2
we get the relation for the Liouvillians of forward and
time-reversed evolutions
Tr ρˆ1Aˇu[ρˆ2] = Tr Aˇ
tr
iβ−u[ρˆ1]ρˆ2 (10)
and consequently
Tr ρˆ1Te
∫
t
0
Au(t1)dt1 [ρˆ2] = Tr T˜e
∫
t
0
Atru (t1)dt1 [ρˆ1]ρˆ2 (11)
where T and T˜ are forward and time-reversed orderings.
Using the formal solutions of Eq.(4) the generating
functions can be written as follows
Gw(u, t) = Tre
iuHˆS(t)Te
∫
t
0
Au(t1)dt1e−iuHˆS(0)ρˆ0(0) (12)
Gtrw (u, t) = Tr e
iuHˆS(0)T˜e
∫
t
0
Atru (t1)dt1e−iuHˆS(t)ρˆ0(t).
(13)
Let us assume that both the forward and time-reversed
evolution start from equilibrium and moreover HS(0) =
HS(t) = HS0 so that ρˆ0(τ) = e
−βHˆS0/Tre−βHˆS0 for
τ = 0, t. Then the generic symmetry relation between
generating functions (8) immediately follows from Eqs.
(12, 13) and the relation (11).
Since the heat Q can be in practice measured either
calorimetrically [3] or by photon detection, statistics of
both w and Q are in general of interest. In certain lim-
its the two statistics approach each other, for example
when the energy transfer to the environment is large, or
in certain low-temperature measurement protocols. As
Q is not generically associated with fluctuation relations
such as Eqs. (6), they may fail to apply even if the statis-
tics otherwise approach each other (see Appendix A for
discussion). In general it has been shown that the av-
erage of the exponentiated heat depends on the details
of the driving protocol[25]. In Appendix B we calcu-
late this quantity explicitly for a single qubit case and
demonstrate that it depends on the time of heat statis-
tics measurement.
III. STATISTICS OF WORK AND HEAT IN A
SINGLE QUBIT
Applying the general approach formulated above we
study energy fluctuations in a driven two-level system
described by the Hamiltonian
HS(t) =
ν
2
σˆz +Ωcos(ωdt)σˆx, (14)
where ν is a qubit level spacing and Ω is a pumping
intensity. The dissipation is described by the Lindblad
operator (5) with Sˆ = (σˆx − iσˆy)/2. To calculate the
statistics of energy fluctuations we find the generating
functions (1,3) by solving GME (4) numerically assuming
that the system was in thermal equilibrium at t = 0.
As noted in Ref. [16] the ratio of the first two moments
of work satisfies the linear relation
〈∆w2〉/〈w〉 = ν coth(ν/2T ) (15)
in the 〈w〉 → 0 limit realized for small measuring
times. This relation follows from (6) if one assumes
that only the probabilities P (w = −ν, 0, ν) have con-
siderable values. At larger times the significant devi-
ations from Eq.(15) were found [16]. With our ap-
proach we are able to consider the evolution of work
statistics at longer times in order to reveal the phys-
ical origin of such behavior. We choose the Hamilto-
nian parameters (14) as Ω = 0.05ν, Γ− = 0.007ν and
the temperature β = 2/ν. Starting from the equilib-
rium state at t = 0 we plot in Fig.2a the time depen-
dance of the ratios Fw = tanh(βν/2)〈∆w2〉/(ν〈w〉) and
FQ = tanh(βν/2)〈∆Q2〉/(ν〈Q〉). For comparison we plot
by solid red line the ground state population of the qubit
ng(t) which oscillates with a Rabi frequency Ω. The
time dependence of Fw(t) follows the Rabi oscillations
of ng(t). On the other hand the same dependence for the
heat statistics FQ(t) has phase-shifted oscillations with
respect to ng(t). Moreover in contrast to the work statis-
tics we obtain that the ratio FQ(t) diverges at t→ 0 due
to the fluctuating energy exchange between the system
and the thermal bath which exists even in the absence of
the drive. In this case the dispersion 〈∆Q2〉 stays finite
while 〈Q〉 = 0.
More generally we obtain that the work distribu-
tion e.g. shown in Fig.2b obeys Jarzynski fluctuation
relation[26] 〈e−βw〉 = 1 and a particular form of Crooks
fluctuation relation P (w)/P (−w) = eβw where P (−w) =
P tr(−w) since the forward and inverse driving protocols
for Eq.(2) coincide. On the other hand the heat dis-
tribution shown in Fig.2c does not obey the fluctuation
relations and hence the linear relation (15). At elevated
temperatures β ≪ 1/ν the Rabi oscillations of both the
ground state population and the moment ratios Fw,Q(t)
are strongly suppressed. In this limit we obtain Fw(t) = 1
at arbitrary times as well as FQ(t) = 1 at t≫ Γ−1− ,Ω−1.
IV. LONG-TIME STATISTICS OF HEAT IN
DRIVEN QUANTUM SYSTEMS
Our approach based on the Lindblad equation allows
analytical calculation of the long-term heat statistics in
the quantum limit βν ≫ 1. In such regime we com-
pletely neglect the absorption events, assuming Γ+ = 0
and Γ− = Γ in (5) so that
Lˇu[ρˆ] = Γe
iuν SˆρˆSˆ† − Γ{Sˆ†Sˆ, ρˆ}. (16)
4FIG. 2: (Color online) (a) The ratio of the two lowest mo-
ments of work Fw(t) and heat FQ(t) as functions of the
measuring time normalized by the period T = 2pi/ν. For
comparison, the solid red line shows the Rabi oscillations
of the ground state population. All dependencies are aver-
aged over the period T . The temperature is β = 2/ν. (b,c)
Distributions of work w and heat Q at the time moment
t = 5T . The calculated probabilities are Pw(−2ν : 3ν) =
[0.0031, 0.0589, 0.3305, 0.4351, 0.1693, 0.0030] and PQ(−2ν :
2ν) = [0.0017, 0.0609, 0.7676, 0.1593, 0.0106]. With numerical
accuracy determined by the size of the counting field grid the
work distribution satisfies Crooks and Jarzynski fluctuation
relations. The panel (c) demonstrates lack of the fluctuation
relations for the heat.
For the single interlevel spacing ν the heat transfer to
the environment is proportional to the number of emitted
photons in close analogy with quantum optics systems.
In this sense the suggested approach can be employed
to calculate the steady state statistics of photon counts
without solving the non-stationary ME which in general
is rather complicated even in the simplest case of a single
qubit (two-level atom)[11].
In the steady state regime the statistics of work and
heat coincide. In the long-time limit the amount of heat
transferred to the environment is much larger than the
internal energy of the quantum system. The latter thus
can be neglected from Eq. (1) and therefore we get that
Gw = GQ.
In the steady state we calculate the moments of heat
distribution measured over a large time interval t ≫
Γ−1,Ω−1. In such a limit the generating function (3)
is determined by the Liouvillian eigenvalue λ(u) having
the largest real part because an asymptotical solution of
the GME at t→∞ has the form ρ(u, t) ∼ etλ(u). Hence
the Taylor expansion
λ(u) = −iλ1u− λ2u2/2 (17)
determines the leading order Gaussian distribution of Q
with the moments given by 〈Q〉 = λ1t and 〈(∆Q)2〉 =
λ2t. In order to find the coefficients λ1,2 in the gen-
eral case we use an iterative algorithm described in the
Sec.IVB. We start however with calculating the steady
state heat fluctuations in a periodically driven harmonic
oscillator. Recently the stochastic behavior of damped
harmonic oscillator was studied with the help of the
quantum trajectories[27]. Here we find exactly the eigen-
value λ(u) and hence the full counting heat statistics.
A. Harmonic oscillator
Let us consider the following Hamiltonian
HˆS = νaˆ
†aˆ+Ω(aˆ†e−iωdt + aˆeiωdt), (18)
where aˆ†, aˆ are creation and annihilation operators and
Ω is the drive force amplitude. The jump operators are
Sˆ, Sˆ† = aˆ, aˆ†. In this case the ME has an exact steady
state solution ρˆho(t, u) = e
λ(u)tDˆ†(α)|0〉〈0|Dˆ(α), where
λ(u) = Γ|α|2(eiuν − 1) and Dˆ(α) = exp(αaˆ† − α∗aˆ)
is a displacement transform with α = 2iΩe−iωdt/[Γ +
2i(ν − ωd)]. Using ρˆho(t, u) to calculate the generat-
ing function GQ(u, t) we obtain a Poissonian distribu-
tion P (n) = xne−x/n! of quantized heat Q = nν, where
x = Γ|α|2t.
The obtained result is consistent with the well known
one that a classical current source emits a coherent state
of cavity modes which has a Poissonian distribution of
photons [28]. In this model case each event of the heat
transfer to the environment occurs at completely random
times without any correlation with the previous ones.
The linear response relation (15) is satisfied exactly for
arbitrary values of dissipation Γ and pumping Ω.
B. Single qubit
A generic example which demonstrates significant de-
viations from linear response relation (15) is a periodi-
cally driven single qubit (two- level atom) where quantum
correlations between subsequent photon emission events
become important [11]. The Hamiltonian of such a sys-
tem (14) can be simplified in rotating wave approxima-
tion (RWA) to [21] HˆS = (Ωσˆx+ δσˆz)/2, where we intro-
duce the detuning from resonance δ = ν − ωd and drive
intensity Ω. The dissipation is described by the Lindblad
operator (16) with Sˆ = (σˆx − iσˆy)/2.
The analytical expression of the full counting work
statistics in a single qubit is not known. It is possible
however to develop a general iterative approach to calcu-
late moments of work distribution measured over a large
5time interval t≫ Γ−1,Ω−1. As we discuss above in such
a limit the statistics is determined by the Taylor expan-
sion (17) of the Liouvillian eigenvalue λ(u) having the
largest real part. Note that the zeroth order term in u
is absent in (17) due to the existence of a stationary so-
lution at u = 0 satisfying Aˇ0[ρˆ
st] = 0. In order to find
Taylor coefficient λ1,2 let us consider the expansion of
the Liouvillian matrix Aˇu up to the second order term
Aˇu[ρˆ] = Aˇ0[ρˆ] + Γ[iuν− (uν)2/2]SˆρˆSˆ† and search for the
solution of the eigenvalue problem
Aˇu[ρˆ] = λ(u)ρˆ (19)
in the form of an expansion ρˆ = ρˆst + ρˆ(1)u + ρˆ(2)u2.
At first we retain the terms linear in u. We note that
the transposed Liouvillian has one-dimensional kernel
AˇT0 [ρˆ
st
T ] = 0, where ρˆ
st
T = σˆ0 is just an identity matrix.
This property holds in general for trace preserving su-
peroperators. We take an inner product with ρˆstT of both
sides in Eq.(19) to obtain the solvability condition which
gives the value of λ1. Substituting the obtained λ1 to Eq.
(19) again we find the correction to the DM ρˆ(1). Next
to determine λ2 we include the terms ∼ u2 and repeat
the above procedure using the known values of the first
order corrections.
The heat transfer to the environment occurs via the
emission of monochromatic photons Q = nν, where n
is integer. Therefore the heat statistics can be char-
acterized by the Fano factor of photon counts Fph =
σ2Q/(ν〈Q〉) = λ2/(νλ1). It determines the regimes of sub-
Poissonian Fph < 1 and super-Poissonian Fph > 1 quan-
tum fluctuations. From the iteration scheme suggested
above to calculate λ1,2 we get the Fano factor for a single
qubit Fph = 1−2Ω2(3Γ2−4δ2)/(Γ2+2Ω2+4δ2)2, which
corresponds to the sub-Poissonian regime for small de-
tuning δ <
√
3Γ/2 and otherwise to the super-Poissonian
one. This result agrees with the statistics of photon
counts in the resonance fluorescence of a two-level atom
where the non-classical sub-Poissonian statistics origi-
nates from photon antibunching [11, 29, 30].
C. Super-Poissonian heat fluctuations and
entanglement of two coupled qubits
As discussed above the dependencies shown in Fig.(2)
clearly demonstrate that the peculiarities of heat and
work statistics can be considered as a signature of the
finite coherence in the open quantum system. To obtain
more evidence of that we proceed to investigate whether
such a purely quantum property as the entanglement be-
tween two coupled qubits can be tested by measuring the
heat produced by the quantum system.
It is well known that the entanglement between qubits
can be induced by dissipative processes[31, 32]. The pho-
ton statistics in this system with incoherent pumping was
considered in Ref. 33. The conclusion in that case is
that the photon statistics is always sub-Poissonian re-
gardless of entanglement. Here we demonstrate that for
the case of coherent pumping the statistics of heat trans-
ferred to the environment has distinctive features in a
subset of the possible entangled states. In general, how-
ever, we note that there is no exact correspondence be-
tween the statistics of emitted noise and the presence of
steady state entanglement in the quantum system. Even
a monochromatically driven single qubit can emit both
super- and sub-Poissonian distribution of photons [29].
Indeed, two-time correlation functions, such as those for
the work or heat statistics, are not solely a property of the
steady state density matrix, but are determined also by
the transient dynamics of the quantum system between
subsequent emission events. However, when considera-
tion is restricted to Hamiltonians of a particular form,
such as the setup discussed below, correspondence can
arise.
We consider the Hamiltonian of two coupled identical
two-level systems which can model the system of induc-
tively coupled phase qubits[34]. For simplicity we focus
on the quantum fluctuations of Q in the zero temperature
limit neglecting the absorption events in (5) completely.
Hence this system can be considered as a model of cou-
pled atoms. Its RWA Hamiltonian in case of resonant
driving has the form
HˆS =
1
2
∑
j=1,2
Ωσˆ(j)x + ωxx
(
σˆ(1)x σˆ
(2)
x + σˆ
(1)
y σˆ
(2)
y
)
. (20)
where ωxx is the qubit coupling and Ω is a pumping in-
tensity. The parameters of the qubits are assumed to be
identical. The dissipation is described by the ME (4) with
a Lindblad operator (5) with Sˆj = (σˆ
(j)
x − iσˆ(j)y )/2. This
form of the dissipation operator corresponds to the qubits
interacting with separate thermal baths. The steady
state entanglement in this system generated by the in-
teraction with dissipative environment was discussed in
Ref. [31].
To describe the statistics of work done by each qubit
in separate we introduce the generating function which
depends on two quantum fields GQ = GQ(u1, u2, t). By
setting u1 = u2 we obtain the statistics in the double
channel which does not distinguish between the heat
produced by each of the qubits. The single channel
generating function e.g. for the first qubit is given by
GQ1(u1, t) = GQ(u1, 0, t).
For further calculations we use the stationary solution
of GME given by the kernel of the Liouvillian superop-
erator Aˇ0[ρˆ
st] = 0 obtained in Ref. [31]. To find the
moments of work we calculate the coefficients in the ex-
pansion of the eigenvalue (19)
λ(u1, u2) = −iλ1(u1+u2)− λ2
2
(u21+u
2
2)−λ12u1u2. (21)
By using the same iterative algorithm as for the single
qubit we find an analytical expression for the Fano factor
Fph = σ
2
Q/(ν〈Q〉) which is too long to be written here. In
Fig.3a we plot Fph as a function of parameters ωxx,Ω at
fixed Γ = 1. There is a region on this plane, where Fph >
61 indicating super-Poissonian statistics. The possibility
of a super-Poissonian regime is explained by the positive
correlation between works extracted from two qubits (see
below). It is realized for a strong coupling between the
qubits and small dissipation ωxx ≫ Ω≫ Γ and describes
bunching of emitted photons which is in contrast to the
antibunching in a single qubit resonant fluorescence.
On the qualitative level the photon bunching and
super-Poissonian statistics result from the steady state
entanglement between the coupled qubits[31]. Let us
transform the steady state DM to the energy basis of
the effective Hamiltonian (20). For ωxx ≫ Ω the ener-
gies are given by ε1 = 0, ε2,3 = [ωxx ∓
√
4Ω2 + ω2xx]/2,
ε4 = −ωxx. In the regime ωxx ≫ Ω the basis is formed
by the Bell states. In particular Φ± = |0〉1|0〉2 ± |1〉1|1〉2
correspond to the first two levels separated by the small-
est Rabi frequency ΩR = ε1 − ε2 ≈ Ω2/ωxx. In the DM
we neglect the small terms proportional to Ω/ωxx and
get the following non-zero elements:
ρ11 = ρ22 = 1/2− Ω2R/4X, (22)
ρ12 = ρ
∗
21 = [Γ
2 − iΓΩR]/2X,
where X = Ω2R + Γ
2 and ρ33 = ρ44 = 1/2 − ρ11. Hence
at Γ≫ ΩR the most populated are the Bell states Φ±.
In this case the emission of a photon by one of the
qubits can be considered as a projective measurement
[16] which drives the other qubit to the excited state and
hence triggers an emission of the next photon once this
qubit relaxes. In Fig.3a we plot by a white solid line the
boundary ωxx = Ω
2/2Γ which separates the region with
finite steady state entanglement ωxx > Ω
2/2Γ from that
of non-entangles states[31]. The super-Poisson statistics
of work is realized only for the entangled states and can
be considered as a possible experimental signature of en-
tanglement.
To obtain a quantitative description of the photon
bunching we consider the second order correlation func-
tion of photon emission intensity[11] g(2)(t) plotted in
Fig.3d for the parameters Ω/Γ = 5 and ωxx/Γ = 10
(blue dotted curve) and ωxx/Γ = 40 (green solid curve).
It demonstrates the photon bunching g(2)(0) ≥ g(2)(t) at
large values of ωxx ≫ Ω ≫ Γ. The correlator has rapid
oscillations with a frequency determined by the coupling
ωxx superimposed over the smooth behavior.
In order to get more insight in the details of the curves
shown in Fig.(3)b we obtain an analytical description of
the correlations averaged over the fast oscillations ne-
glecting the small elements of the DM proportional to
Ω/ωxx and Γ/ωxx. This approximation results in an ef-
fective three-level ansatz for the DM with non-zero el-
ements ρ˜ij = ρij for i, j = 1, 2 and ρ˜33 = ρ33 + ρ44.
The steady state is determined by (22). The resulting
ME has a Hamiltonian with non-zero matrix elements
H11 = −ΩR/2 and H22 = ΩR/2. The elements H33, H44
drop from the ME for the above ansatz of DM. The Lind-
blad superoperator (16) has Sˆ = Sˆ3 which is a 3× 3 ma-
trix with non-zero elements (Sˆ3)13 = (Sˆ3)23 = i
√
Γ/2
FIG. 3: (Color online) Statistics of heat produced by two
coupled qubits. (a) Fano factor in a double channel Fph =
σ2Q/(ν〈Q〉) as a function of interaction strength ωxx and
pumping Ω. (b) Second order correlation functions - the
probabilities of sequential photon emission by the two-qubit
system compared to the effective three level approximation
model (dashed curves). The parameters are Ω = 5, Γ = 1
and ωxx = 10 (solid curve), ωxx = 40 (dotted curve). (c)
Correlation function C12/(ν
2Γt) of heat produced by each of
the qubits in separate. (d) Fano factor of heat released by one
of the qubits Fph1 = 2σ
2
Q1/(ν〈Q〉). The white solid curves
show the boundary between the steady state entangled and
non-entangled regimes. The relaxation rate is Γ = 1. The
super-Poissonian regimes both in the double and the single
channels correspond to finite entanglement. Dashed black
line (b,c) shows the resonance condition Ω =
√
2ωxx.
and (Sˆ3)31 = −(Sˆ3)32 = i
√
Γ. The second order correla-
tor 〈g(2)〉(t) = 〈Sˆ†3Sˆ†3(t)Sˆ3(t)Sˆ3〉/〈Sˆ†3Sˆ3〉2 gives the corre-
lator g(2)(t) of the full system averaged over the period
of fast oscillations ω−1xx . Most importantly the opera-
tor Sˆ3 allows for the two simultaneous quantum jumps
from the steady state by (22) since Sˆ23 ρˆ
stSˆ
†2
3 6= 0. In this
model the two photons can be emitted simultaneously
which gives the finite value of g(2)(t = 0).
It is possible to find 〈g(2)〉(t) analytically by solving
the ME with u = 0 and the initial state after the first
quantum jump given by Sˆ3ρˆ
stSˆ†3. Indeed from the three-
level ME we see that the equations for the components
ρ˜11 and ρ˜22 coincide and thus we can reduce the problem
to the second order ME. It can be solved with arbitrary
initial conditions yielding the correlator
〈g(2)〉(t) = 1 + e−Γt
[
(x2 − 1)
2
cos(ΩRt)− x sin(ΩRt)
]
,
(23)
where we introduce x = Γ/ΩR. The function 〈g(2)〉(t) is
plotted in Fig. (3)b by dashed lines. It has a damped
7oscillating behavior determined by the competition of an
effective Rabi frequency ΩR and the damping Γ. In high
contrast to the single qubit case the two-point correlation
function can have a maximum at t = 0 at large values of
ωxx which corresponds to the bunching of photons pro-
duced by the entangled states of the two qubit system.
Next we use the expansion (21) to find the correlation
function of heat produced by each of the qubits
C12 = 〈Q1Q2〉 − 〈Q1〉〈Q2〉 = λ12t. (24)
In Fig. 3(c) one can see two peaks of C12 as a func-
tion of parameters Ω, ωxx. One of them corresponds
to non-zero entanglement between the qubits and pro-
duces super-Poisson statistics of work. The second peak
is located at ωxx = Ω/
√
2 as indicated by the dot-
ted black line in Fig. 3(c). For such parameters the
spectrum of effective RWA Hamiltonian (20) is degen-
erate since the two levels coincide, ε2 = ε4. The sub-
space of eigenstates for this level is given by ψ24 =
c2ψ2+c4ψ4, where c2,4 are arbitrary coefficients, and the
orthogonal basis functions are ψ2 = (
√
2, 1, 1,
√
2)/
√
6
and ψ4 = (0,−1, 1, 0)/
√
2. To understand the nature
of positive correlation C12, let us consider the case of
small relaxation Ω, ωxx ≫ Γ when the DM is diagonal
ρˆ = (|11〉〈11|+ |00〉〈00|+ |01〉〈01|+ |00〉〈00|) /4 . After
the photon emission for example, by the first qubit the
DM is projected to ρˆ = Sˆ1ρˆ0Sˆ
†
1 = (|01〉〈01|+ |00〉〈00|)/4
because the first qubit is bound to be in the ground state.
Taking the time average of the DM we find that dur-
ing the subsequent evolution the first term produces a
contribution |01〉〈01| → |ψ24〉〈ψ24| with c2 = 1/
√
6 and
c4 = 1/
√
2 so that in this case the amplitude of ψ24 is
asymmetric. At the same time the second term |00〉〈00|
evolves into a symmetric time-averaged population of the
qubits. That is the probability for the second qubit to
be in the excited state and hence to emit a photon is
larger than for the first one. Thus the peak of C12 is ac-
companied by the drop of the single channel Fano factor
as shown in Fig. 3(d) so that the statistics of work in
double channel is sub-Poissonian, Fph < 1 [Fig. 3(a)].
V. CONCLUSION
To conclude, we have developed a formalism of Lind-
blad equation to calculate the statistics of energy fluctu-
ations in dissipative quantum systems driven by an ex-
ternal force. We introduced generating functions of work
and heat exchanged between the system, the classical
driving source and the thermal bath which can be found
by solving the Lindblad equation. The general fluctua-
tion relations are shown to be valid for the resulting work
statistics. Applying this formalism to the generic exam-
ples of a harmonic oscillator, a single and two coupled
qubits we have shown that calorimetric measurements of
heat statistics can indicate the presence of finite coher-
ence and entanglement in the open quantum systems.
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Appendix A: Measuring work statistics at zero
temperature
At zero temperature, it is possible to determine the
long-time statistics Gw(u, t → ∞) of the total work w
by a measurement of the statistics GQ(u, t → ∞) of
the heat dissipated to the environment Q. The mea-
surement scheme is to drive the system only during the
time interval 0 < t < t1, after which the system Hamil-
tonian is made constant and to coincide with the initial
state, HS(t) = HS(0) for t > t1. In this case, the in-
ternal energy stored in the system is eventually emitted
to the zero-temperature environment, [16] and one finds
Gw(u, t→∞) = GQ(u, t→∞).
This correspondence can be proven directly using our
master equation formulation. We start with the observa-
tion that for a given constant u, we have at time t > t1,
lim
β→∞
Aˇu(t){P0} = 0 , (A1)
for the ground state density matrix P0 = |0〉〈0|. Indeed,
SˆP0 = P0Sˆ
† = 0. Therefore, P0 is a steady state of the
u-dependent time evolution for β → ∞, and we find for
β, t→∞,
T e
∫
t
0
dt′ Aˇu(t
′){P0} → f(u, t)P0 , (A2)
where f(u, t) is a scalar function. The initial state for
Gw is ρ0 = e
−(iu+β)HS(0)/Tr[e−βHS(0)] → e−iuǫ0P0 for
β → ∞, where ε0 is a ground state energy. It then im-
mediately follows that for β, t→∞,
Gw(u, t)→ e−iuǫ0 Tr[eiuHS(0)f(u, t)P0] = f(u, t) . (A3)
On the other hand, we have for the dissipated work, for
β, t→∞,
GQ(u, t) = Tr T e
∫
t
0
dt′ Aˇu(t
′){P0} → f(u, t) . (A4)
Therefore, in this measurement scheme we find
Gw(u, t → ∞) = GQ(u, t → ∞), which is also the re-
sult one would expect based on physical arguments.
Note that above u is taken as a β-independent constant
while taking the limit β → ∞. Therefore, although we
find that G converges pointwise to Gw, this does not im-
ply that the dissipated work satisfies the Jarzynski equal-
ity. Indeed, while Gw(iβ, t) = 1, the result above does
not imply that limt→∞,β→∞GQ(iβ, t) = 1.
Appendix B: Lack of fluctuation relations for Q
The lack of universal fluctuation relations for the heat
Q can be easily demonstrated based on the master equa-
tion approach. This can be seen in the model of an
8non-driven qubit coupled to an environment. The cor-
responding Liouvillian is
Aˇu(t){ρ} = −i[ν
2
σz, ρ] + Γ
(
eiuν SˆρSˆ† − 1
2
{Sˆ†Sˆ, ρ}
)
(B1)
+ Γe−βν
(
e−iuν Sˆ†ρSˆ − 1
2
{SˆSˆ†, ρ}
)
.
Solving the time dependence of the u-dependent master
equation, we find the generating function for the dissi-
pated work
GQ(u, t) =
cos(uν) + cosh(βν)
1 + cosh(βν)
(B2)
− e−(e−βν+1)Γt e
(β−iu)ν(eiuν − 1)2
(eβν + 1)2
.
This implies that the heat only obtains values Q = ±ν, 0,
as can be expected based on the limited internal energy
of the qubit.
The above implies that the expectation value
〈e−βQ(t)〉 = GQ(iβ, t) is time dependent. Because this
occurs at equilibrium with all Hamiltonians time inde-
pendent, there can be no fluctuation relation of the form
〈e−βQ(t)〉 = e−β∆F where ∆F is a difference between
two equilibrium free energies. This result is in agreement
with the general non-equilibrium equality for the heat
derived in Ref. 25.
Moreover, Eq. (B2) serves as a simple example for
the above discussion of the zero-temperature limit. In-
deed, for given fixed u we have limβ,t→∞GQ(u, t) =
1 = Gw(u, t). However, at the same time,
limβ,t→∞GQ(iβ, t) = 2.
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